We have simulated the size dependence of domain patterns in a two-dimensional ͑square shaped͒ constrained ferroelectric system by means of a time-dependent Ginzburg-Landau model. The theory incorporates elastic strain in the form of an effective long-range nonlocal interaction of the polarization. A nonferroelectric layer is introduced in the free energy that enforces a decaying polarization at the surface. The results show that the number of domains decreases on decreasing the system size. We also found two critical sizes. The first one signifies a transition from a multi-domain to a single-domain state and the second indicates the disappearance of ferroelectricity.
I. INTRODUCTION
The size dependence of properties in ferroelectric ceramics and thin films has been a subject of many recent studies. This is due to the increasing number of applications of ferroelectric films in microelectronics and the development of many microelectromechanical devices. Recent experimental works 1, 2 have established that the ferroelectric properties substantially deviate from bulk behavior as the crystallite size is reduced. The Curie temperature T c may shift downwards as the grain size is reduced and ferroelectricity eventually may disappear below a critical size.
Size effects in phase transitions have been studied by using the one-dimensional Landau-Ginzburg theory in context of ferromagnets. 3 A similar approach has been adopted in the context of size effects in ferroelectrics. 4, 5 However, these theories do not account for the elastic strain coupling and only consider 180°domains that reduce the depolarization field. Most ferroelectric systems of interest have more than two low temperature variants. For many systems, such as BaTiO 3 , Pb͑Zr, Ti͒O 3 , and PbTiO 3 , it is crucial to include strain fields as the individual crystallites are usually elastically clamped by their surroundings, resulting in 90°f erroelastic domains. The theoretical study, therefore, needs to extend to higher dimensions. It is also believed that the depolarization field is screened in reality due to the formation of charged surface region or the formation of a nonferroelectric layer with reduced polarization at the grain boundaries. In this article, we investigate a constrained ferroelectric system, which produces 90°twins, by means of a two-dimensional ͑2D͒ time-dependent Ginzburg-Landau ͑TDGL͒ formulation.
Arlt, Henning, and de With have studied grain size dependence of properties in BaTiO 3 ceramics. 6 They found that the width of the 90°domains decreases as the grain size is decreased. This was explained by considering the equilibrium of elastic energy and the domain wall energy. In another interesting work, Arlt 7 showed on the basis of simple arguments that the number of variants in the domain structure decreases on decreasing the grain size and there is no twinning below a critical size. Although one can make qualitative predictions based on energy considerations, a more sophisticated treatment in terms of the free energy and the order parameter is in need.
The ferroelastic domain structure in ferroelectrics has been extensively investigated. 8, 9 In this article, we investigate the domain structure from a dynamical formulation. Here the domain structure is a consequence of long-range interactions due to elastic strain compatibility relations. This approach was first introduced in the context of martensitic transformations. 10, 11 In this approach, the domain structure can be computed by specifying the symmetry and boundary conditions of the transformation.
The organization of this article is as follows. In Sec. II, we give details of our model. Section III describes the simulations and numerical results on the size effects. Finally, we end the article in Sec. IV by a brief summary and discussion.
II. THE MODEL
The free energy for an elastically constrained 2D system with a square to rectangle ferroelectric transition is given as
where f l is a modified Landau free energy density given by
͑2͒
Here we consider a finite square system of size l 0 ϫl 0 with an enclosed square shaped ferroelectric system of size l 1 ϫl 1 (l 1 Ͻl 0 ) and a solid nonferroelectric layer. 
where (x 0 ,y 0 ) represents the center of the calculated square region. Note that this convenient form of the free energy Eq. ͑2͒ is defined for a temperature below T c and should not be used above T c . With such a definition of the shape function, we have a nonferroelectric layer of width (l 0 Ϫl 1 )/2 surrounding a ferroelectric system of size l 1 ϫl 1 at a temperature below T c . Note that inside the ferroelectric, f l is identical to the free energy density used in earlier works.
12-14
The gradient energy density f g is given as
͑4͒
The elastic energy of the system can be written in terms of the bulk strain 1 ϭ( xx ϩ yy )/&, the deviatoric strain 2 ϭ( xx Ϫ yy )/&, and the shear strain 3 ϭ xy ϭ yx .
is the linear elastic strain tensor. The elastic free energy can then be written as
where a 1 , a 2 , and a 3 are linear combinations of second order elastic constants. Similarly, the coupling energy in terms of the electrostrictive constants q 1 , q 2 , and q 3 is given by
Following the methodology used in earlier work, 14 the elastic and electrostrictive contributions can be expressed as an effective long-range nonlocal interaction of the polarization fields by eliminating the strain fields subject to the elastic compatibility conditions. The effective long-range interaction in Fourier space is then given as
where H(k) is an anisotropic kernel given by
and ⌫ 2 (k) is the Fourier transform of P x 2 Ϫ P y 2 . The quantities h 1 , h 2 and h 3 are given as h 1 
where
with ␣ϭa 1 /a 2 and ␤ϭa 3 /a 2 . For simplicity, we have assumed that the bulk and shear couplings are negligibly small, i.e., q 1 →0 and q 3 →0. In order to study the dynamics of domain pattern formation, we make use of the time-dependent Ginzburg-Landau ͑TDGL͒ equations. For convenience, we have defined rescaled variables as follows: tϭ(t*/␣ 1 L) (␣ 1 Ͼ0), where L is the kinetic coefficient, r*ϭr/ (ϭͱg 1 /a␣ 1 ), with a being a dimensionless constant. The polarization components are also normalized as P x ϭ P R u and P y ϭ P R v, where P R ϭͱ␣ 1 
III. SIMULATIONS
In the simulations, Eq. ͑10͒ is discretized using the finite difference method on a 128ϫ128 grid. The space discretization step is set at ⌬x*ϭ⌬y*ϭ1 and the time interval is ⌬t*ϭ0.02. A finite system of free boundaries is approximated by padding the outside of the square region of size l 0 with zeroes at all times. This is a common practice to approximate free boundary conditions while using a periodic simulation scheme to save computation time. The chosen parameter values for our simulations are dϭ2, ␥ϭ0.05, ␣ ϭ1, ␤ϭ1, aϭ10, bϭ10, and cϭ10. In solving Eq. ͑10͒, we started with small amplitude random initial input at each local site and changed the size l 0 and l 1 after completing each simulation but to maintain the thickness of the nonferroelectric layer constant. Shown in Figs. 1͑a͒-1͑f͒ are the final domain patterns obtained after simulating for t* ϭ8000 steps. By comparing Fig. 1͑a͒ ͑l 0 ϭ100, l 1 ϭ92͒ and Fig. 1͑b͒ ͑l 0 ϭ90, l 1 ϭ82͒ , one can see that the width of the domains decreases as the size becomes smaller, although the total number of domains is five for both cases. Only headto-tail charge neutral domain walls are observed in these two cases. On decreasing the size further, the number of domains decreases to four as seen in Fig. 1͑c͒ ͑l 0 ϭ82, l 1 ϭ74͒ . Note that this case is peculiar as the patterns are asymmetric and a head-to-head charged domain wall appears as a metastable configuration. Obviously, for this case true equilibrium was not reached but the progress of domain pattern change becomes too slow to follow in a practical number of time steps. The existence of metastable states has also been demonstrated in the context of constrained ferroelastic system by Jacobs. 15 In Fig. 1͑d͒ ͑l 0 ϭ74, l 1 ϭ66͒ , symmetric domain structure with head-to-tail domain walls is again observed, but now the total number of domains becomes three. This three-domain structure persists as the size is further decreased until there is another transition from the threedomain pattern to a two-domain pattern as shown in Fig. 1͑e͒ ͑l 0 ϭ40, l 1 ϭ32͒. Once again, an asymmetric ͑metastable͒ domain pattern occurs with two domains and a tail-to-tail domain wall. Note that the domain wall in this case is slightly curved, indicating the reduction of the elastic contribution with decreasing size. Finally, in Fig. 1͑f͒ ͑l 0 ϭ36, l 1 ϭ28͒, the system becomes single domain. On further decreasing the size of the system, the single domain state persists until a critical size is reached, below which ferroelectricity is totally suppressed.
It is instructive to plot the polarization across a cross section of the domain pattern. In Fig. 2 , we display the polarization amplitude (͉P͉ϭͱu 2 ϩv 2 ) across the diagonal in the twinning direction, for different sizes indicated at the top of each picture. We can clearly see a decrease of domain size and also a systematic reduction in the number of domains as the size of the systems is reduced. The suppression of ferroelectricity at small sizes also becomes apparent in this figure by comparing the profiles for sizes l 0 ϭ36, 18, and 16.
In Fig. 3 , we show the plot of the maximum amplitude P max ϭmax(ͱu 2 ϩv 2 ) versus the size l 0 . Notice that there are two abrupt changes in the curve. The first drastic change corresponds to a transition from a multi-domain state to a single-domain state and the second abrupt change corresponds to the disappearance of ferroelectricity in the system. In a similar work for the same transformation without elastic effects (q 2 →0), the systematic decrease of polarization with size was demonstrated using finite element technique. 13 However, there was no multi-domain to single-domain transition as the single-domain state was the lowest energy state for all sizes. For a real polycrystal system or a ceramic, the maximum amplitude discontinuity from multi-domain to single-domain state may be smeared out due to the average effect of a large number of grains and the random orientation of the dipoles. In other words, experimentally the polarization may appear to continuously decrease to zero with size reduction and show only one critical size.
IV. SUMMARY
In summary, we have simulated size dependence of domain pattern formation in a constrained ferroelectric system with a nonferroelectric surface layer. The results agree well with experimental observations, i.e., the width as well as the number of variants in the system decrease as the size is decreased. Two critical sizes appeared in the simulation study, the first abrupt change of the polarization amplitude signifies the transition from a multi-domain state to a single-domain state, while the drastic decrease of the polarization to zero at the second critical size indicates the suppression of the ferroelectricity as the system size approaches the correlation length of the order parameter.
